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Abstract

A new adiabatic pulse for population inversion and the principles of its design are presented. The pulse shape is characterized by
the combination of two constraints. (i) Adiabatic following of the central isochromat of the spectral region of interest occurs with
constant, possibly small adiabaticity parameter; thereby, the center isochromat gets most efficiently inverted. (ii) Frequency and
amplitude modulations obey the principle of offset-independent adiabaticity; thus, the inversion dynamics of the center isochromat
is extended over the desired bandwidth. Selective population inversion can be achieved rather independently of spatial radio fre-
quency field inhomogeneities and with significantly reduced peak RF amplitude in comparison with the well-known sech/tanh

adiabatic pulse.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Adiabatic following is a versatile experimental
technique to manipulate spin ensembles since it is
rather insensitive to fluctuations in dynamical and ex-
perimental parameters. In comparison with conven-
tional pulse techniques in high-resolution NMR,
polarization, and coherence transfer can be enhanced
[1-3], and broadband spin decoupling can be achieved
with reduced field amplitude [4,5]. Adiabatic following
is very efficient for the inversion of nuclear spins over a
specified range of transition frequencies, even when
subjected to a spatially inhomogeneous radio frequency
(RF) field [6]. Such conditions arise in many practical
situation, e.g., when surface coils are used whose RF
amplitude declines strongly with distance from the coil
center. The performance of adiabatic following, how-
ever, depends crucially on the specific choice of am-
plitude and frequency modulations of the RF field.
Principally, any modulation scheme can induce adia-
batic following as long as it is slowed down sufficiently
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for the adiabatic approximation to be valid [7]. In
practice, however, limitations exist for the execution
time because relaxation losses occur concomitantly, for
the absorbed pulse energy because sample heating can
be a hazard, particularly in human applications, and
for the peak RF amplitude because high power loads
can provoke probe arcing. In addition, spectral se-
lectivity of adiabatic following is pivotal in many ap-
plications, e.g., for the slice selective approach in
magnetic resonance imaging (MRI).

To serve the practical needs as good as possible, a
number of modulation schemes have been specifically
designed [5,6]. The difficulty is to satisfy the adiabatic
approximation within an ensemble optimally. For an
individual isochromat, on the other hand, it is a simple
matter to do: adiabatic following is most efficient when
performed throughout at the threshold of validity of the
adiabatic approximation [7]. This approach was em-
ployed for the construction of the constant adiabaticity
pulse [8]. It is not widely in use anymore for broadband
inversion, since its selectivity is limited and high power is
required. We present the extension of the constant adi-
abaticity principle for the design of an efficient selective
broadband inversion pulse. The performance of the new
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pulse is compared with that of the well-known sech/tanh
adiabatic pulse [9].

2. Constant adiabaticity pulses

We consider an individual spin—1/2, the center iso-
chromat, with transition frequency wy in a Zeeman field
subjected to a circularly polarized RF field of time-de-
pendent carrier frequency w(¢) and amplitude w;(¢). In a
frame of reference rotating at any instant with frequency
o(f) around the Zeeman field and having its —x-axis
aligned along the RF field (frequency frame), the reso-
nance offset A(#) = wp — w(¢) and field amplitude deter-
mine the length wer(r) = VA®K)* + w1 (£)* and polar
angle 0(¢) = arccos(—A(z)/wer (1)) of the effective field.
The center isochromat obeys adiabatic following, i.e.,
follows the reorienting effective field, as long as the adi-
abatic condition is valid [7]. It can be conveniently ex-
pressed in terms of the adiabaticity parameter
k(wo,t) = |werr(2)/0(2)] as k(wo,t) > 1, where the dot
indicates derivative with respect to time. As the adiaba-
ticity parameter approaches unity, the more rapidly the
effective field reorients but the isochromat ever stronger
fails to follow it properly. We can define a threshold
value k¢ below which the adiabaticity parameter should
not drop to assure adiabatic following of sufficient
quality for the purpose in question. Thus, adiabatic fol-
lowing of the center isochromat is achieved most effi-
ciently, if the adiabatic condition is fulfilled with that
smallest yet tolerable threshold value throughout the
complete process. The modulations A(¢) and w (¢) then
satisfy the expression

0() = wer () /Ko (1)

Many different pairs of functions may resolve Eq.
(1), and may induce—besides efficient adiabatic fol-
lowing of the center isochromat—a caleidoscope of spin
manipulations at transition frequencies different from
wy. For the constant adiabaticity pulse, Eq. (1) was
solved under the assumption of a constant RF field
amplitude [8]. Since the frequency sweep extends to
infinity in this case, any isochromat—irrespective of its
transition frequency—is affected by the pulse, hamper-
ing spectral selectivity. This also implies an uneco-
nomical spectral distribution of the pulse energy. To
identify those modulation schemes which obey the
principle of constant adiabaticity and enable efficient
selective inversion at the same time, a suitable condi-
tion, different from constancy of the field amplitude,
must be posed. The principle of offset-independent
adiabaticity [10,11] relates frequency and amplitude
modulations by

A(t) = w,(1)*/K. (2)

A flat inversion profile over a specified range of transi-
tion frequencies is enforced by an equal distribution of
the pulse energy [11]. Whenever the frequency sweep
traverses a resonance, the adiabaticity parameter refer-
ring to the corresponding isochromat within the speci-
fied bandwidth adopts the very same constant value K.
For the center isochromat, clearly K = k; holds if the
adiabaticity parameter is constrained to be constant.
Thus, Egs. (1) and (2) can be combined in case of the
center isochromat to a differential equation defining the
pulse shape
0(r) = 0(r)* tan 0(¢)(1 — sin 0(¢)). (3)
For proper inversion of the center isochromat, 6(¢)
should increase monotonically from 0, where the effec-
tive field points along the frequency frame z-axis, to w,
where it points along the —z-axis, during the pulse. Thus,
the polar angle 6 can be used instead of time ¢ as the
independent variable to describe the pulse shape. Eq. (3)
becomes the separable form

0(0) = 0(0) tan 6(1 — sin 0), (4)

where the prime denotes the derivative with respect to 0. It
is by no means obvious that Eq. (4) generates viable pulse
shapes. The expression tan (1 — sin ) on the right hand
side is well-behaved for all § € [0, nt]. Therefore, any finite
value can be chosen for the initial angular velocity
0(0) = werr (0)/ko = 6 /ko. The positive constant ¢ is also
the negative of the initial value of the frequency sweep,
because we require 6(0) = 0. For a proper pulse shape it
should have the meaning of the lower boundary point of
the inversion band which is the case if no smaller values
than —o are hit by the frequency sweep. With the trans-
formations A(0) = —wer(0) cos0 and w;(0) = wer(0)
sin 0 and the relation . (0)'/wer(0) = 0(0)'/0(0) from
Eq. (1) we obtain the derivative

dA  AN/og  —tan0(1 —sin6)cos 6 + sin 0 s
doy o) /wg  tan0(1 —sin0)sin 0+ cos ’ (5)

for a half passage (0 € [0,7/2]). It is zero for 0 = 0, in-
creases monotonically with increasing RF amplitude,
and approaches a positive singularity at 6 = /2. Simi-
larly, in the second half passage (0 € [n/2,n]), the fre-
quency sweep further increases monotonically, this time
with decreasing RF amplitude, until it levels off at 4.
Thus, the inversion bandwidth is just given by 2a.

Elementary integration of Eq. (4) provides 6(0) and
from Eq. (1) we get

exp { sin 6}

7 cos O tan (z+9)’

werr(0) = 0 €[0,x. (6)
The analytic solution in Eq. (6), the pulse shape in polar
coordinates with the polar angle as the independent
variable, is just the trajectory of the effective field in
frequency frame. The rate of motion upon the trajec-
tory is 0(0) = wer(0)/ko. The frequency and amplitude



L. Mitschang et al. | Journal of Magnetic Resonance 168 (2004) 103-109 105

-1

Fig. 1. Pulse shape of the new adiabatic pulse. Normalized amplitude
(dashed) and frequency (solid) modulations as functions of time [12].

modulations as functions of the polar angle are readily
deduced from Eq. (6). Their more conventional form
as functions of time requires knowledge of the inverse
function of ¢t = [ gd@/@(@) which we were only able to
obtain numerically. The normalized modulation func-
tions are displayed in Fig. 1 [12]. Again by numerical
integration, the pulse length is obtained as

T :/ do/0(0) = 2.683%0 — 3647t (7)
0

W1 max

where 1 .,y 1S the peak RF amplitude of the pulse which
obeys wimax/0 = e/2 from Eq. (6). Finally, the area of
an inverting pulse is given by

A= / rcol(t)dt: / nwl(O) d0/0(0) = 2k. (8)

The original constant adiabaticity pulse under the con-
straint of a constant pulse amplitude has pulse length
2ky/w, and area 2k, for inversion [8]. Thus, in com-
parison offset-independent adiabaticity enforces adi-
abaticity over a well-defined bandwidth by slowing
down the pulse for given peak amplitude and adiaba-
ticity parameter while the pulse area is preserved.

3. Comparison with sech/tanh pulse

Adiabatic following implies tolerance to parameter
variation over the considered ensemble which we assess
through simulated and experimental inversion profiles
by comparison with the well-known sech/tanh adiabatic
pulse (amplitude modulation sech(x), frequency modu-
lation tanh(x)) [9]. The sech/tanh pulse is much appre-
ciated, particularly in MRI, for its high selectivity which
is due to the peaked nature of the sech amplitude
modulation [11]. In our comparison, the pulses are
tuned to a bandwidth of 8 kHz (the center isochromat is
at the center of the band) and a pulse length of
9ms, typical specifications for slice-selection in MRI.

Table 1
Ratio of simulated pulse performance parameters for 9 ms pulse length
and 8 kHz bandwidth

01 ma (HS) E(HS) @ (HS) d504(HS) S250011, (HS)
1 max(CA) E(CA) " (CA) 959, (CA) 92500Hz(CA)
1.45 0.99 1.39 1.10 0.45

Abbreviations and definitions: HS, sech/tanh pulse; CA, new con-
stant adiabaticity pulse; wmax, peak RF amplitude to achieve a
specified inversion efficiency of the center isochromat; £, pulse energy;
o, peak RF amplitude to achieve 95% inversion efficiency homo-
geneously throughout the specified bandwidth (>”/2r = 1206 and
868 Hz for the sech/tanh pulse and the new pulse, respectively); dosv,
width of transition region at peak RF amplitude »?>"; 32500 1,, width
of transition region at peak RF amplitude of 2500 Hz. The width
of transition region (see Fig. 2) is defined as the range of transition
frequencies with inversion efficiency between 95% (in-slice) and 5%
(out-of-slice).

The corresponding parameter settings for the new pulse
are 0 = 4kHz and &y = 84. In case of the sech/tanh
pulse the parameters in the original symbolism of Silver
et al. [9] become f = 1178 kHz and u = 3.4 for a pulse
amplitude truncated at 1% of its maximum. The quan-
titative comparison of the performance of both pulses is
summarized in Table 1.

In the simulations, the z-component of magnetization
M, at the end of the pulse is calculated by numerical
solution of the Bloch equation ignoring relaxation and
assuming thermal equilibrium magnetization M initially
[13]. The efficiency of population inversion is measured
in percentage according to $(1 — M. /M) x 100%.

For the experiments, the sech/tanh pulse and the new
adiabatic pulse, both tuned for inversion of a 8 kHz
bandwidth and to a length of 9 ms, were implemented on
a 3T whole body scanner (MEDSPEC 30/100, Bruker
Medical). The adiabatic pulses were applied in the
presence of a Zeeman field gradient and after 6.5ms a
subsequent spin-echo sequence with echo time 160 ms
was used to image the slice profiles. The phantom was a
cylinder of 24-cm length and 14-cm in diameter, placed
within the head coil of the system with its axis along the
Zeeman gradient direction. The cylinder was filled with
agarose gel containing 1.33 g/ NaCl and doped with
0.67 g/LL CuSO, to establish a proton longitudinal re-
laxation time of about 800ms. Changes less than
+0.2dB in the peak RF amplitude could barely mani-
fest in an observable modification of a slice profile.
Thus, the relative error in the peak RF amplitude de-
termination is estimated to be <2.4%. The linewidth of
the proton signal of the phantom was 6 Hz which gen-
erates only a minor broadening in the experimental
profiles in comparison with the simulated ones which are
just M,/M, at the end of a pulse. All slice profiles are
presented in magnitude mode which allows for an easy
estimation of the performance.

Adiabaticity is best demonstrated by the insensitivity
of broadband inversion to spatial RF field inhomoge-
neity. In Fig. 2, simulated contour plots of M. /M, at the
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Fig. 2. Performance of population inversion. Contours of calculated
normalized longitudinal magnetization M,/M; at the end of the new
adiabatic pulse (LHS) and the sech/tanh pulse (RHS) in dependence of
resonance offset to the center isochromat and the peak RF amplitude.
Both pulses are set up for an inversion bandwidth of 8kHz and a
length of 9 ms. The inner, middle, and outer line indicate 95, 50, and
5% inversion efficiency, respectively. The arrows indicate positions
(peak RF amplitude) for comparison of the width of the transition
region in Table 1.

end of a pulse are displayed in dependence of resonance
offset to the center isochromat and peak RF amplitude.
Both pulses achieve inversion homogeneously over the
specified bandwidth. The slice profile is retained, even
for large variations in the peak RF amplitude. The sech/
tanh pulse, however, always requires a 45% higher peak
RF amplitude than the new pulse if the same inversion
efficiency with respect to the center isochromat must be
obtained (e.g., 95, 50, or 5%; see contours in Fig. 2).

0.0 0.5 10 15 2.0
peak RF amplitude / kHz

Fig. 3. Adiabaticity of spin inversion. Calculated normalized longitu-
dinal magnetization of the center isochromat at the end of the new
adiabatic pulse (solid) and the sech/tanh pulse (dotted) in dependence
of the peak RF amplitude.

Thus, the peak power to be generated by the RF am-
plifier and to be transmitted by the RF coil for a sech/
tanh pulse is more than twofold that of the new pulse.
This point is further demonstrated in Fig. 3 which shows
an intersection of Fig. 2 with M,/M, at the end of the
pulse in dependence of the peak RF amplitude for the
center isochromat. Fig. 4 displays simulated and ex-
perimental slice profiles when both pulses are applied
with an identical peak RF amplitude of 1064 Hz. In
contrast to the new pulse, full inversion is not achieved
by the sech/tanh pulse. Despite, the large difference in
peak RF amplitude for the achievement of proper in-
version, however, the energies of both pulses are almost

0.4+

0.2+

-4 -2 0 2 4
resonance offset / kHz

0.6

0.4 1

0.2 1

-4 -2 0 2 4
resonance offset / kHz

Fig. 4. Comparison of slice profiles. (A) Experimental slice profiles in
magnitude representation of the new adiabatic pulse (solid) and the
sech/tanh pulse (dotted). Both pulses are set up for an inversion
bandwidth of 8 kHz, have a length of 9 ms, and have an identical peak
RF amplitude of 1064 Hz. The weak intensity increase in direction of
positive resonance offset is caused by an air meniscus on top of the
agarose gel within the phantom. (B) The same pulse parameter settings
are used to obtain simulated slice profiles for the new adiabatic pulse
(solid) and the sech/tanh pulse (dotted).
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equal, because the pulse area of the new pulse is larger
than for a sech amplitude modulation.

For the new pulse the transition region inverted/non-
inverted magnetization increases modestly with the ap-
plied peak RF amplitude, whereas in case of the sech/
tanh pulse a very sharp transition prevails almost inde-
pendently of the applied peak RF amplitude. Just at the
peak RF amplitude threshold value for 95% homoge-
neous inversion throughout the bandwidth (see mark-
ings in Fig. 2), the new adiabatic pulse apparently
generates an even narrower transition region than the
sech/tanh pulse. The details are visible in Fig. 5.
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Fig. 5. Width of the transition region inverted/non-inverted magneti-
zation. (A) Cut-outs of experimental slice profiles in magnitude rep-
resentation of the new adiabatic pulse with peak RF amplitude 868 Hz
(solid) and of the sech/tanh pulse with peak RF amplitude 1206 Hz
(dotted). The pulses are tuned to a bandwidth of 8§ kHz and a length of
9ms. The weak intensity increase in direction of positive resonance
offset is caused by an air meniscus on top of the agarose gel within the
phantom. (B) The same pulse parameter settings are used to obtain
simulated slice profiles for the new adiabatic pulse (solid) and the sech/
tanh pulse (dotted). In (A) and (B), the in-slice and out-of-slice in-
version efficiency is at least 95% and at most 5%, respectively, as
marked by the parallel to the abscissa (dashed).

Presented are cut-outs of simulated and experimental
slice profiles for the new pulse with peak RF amplitude
868 Hz and for the sech/tanh pulse with peak RF am-
plitude 1206 Hz. The width of the transition region may
be specified as the range of transition frequencies where
the inversion efficiency is between two, somewhat arbi-
trarily set, limiting values; they mark within the specified
bandwidth (in-slice) proper population inversion and at
larger resonance offsets (out-of-slice) the return of
magnetization to the equilibrium state, respectively. The
dashed parallel to the abscissa in Fig. 5 indicates 95 and
5% inversion efficiency in-slice and out-of-slice, respec-
tively. For that measure, the sech/tanh has a 10% larger
transition width in comparison with the new pulse. For
other limits, the transition-width ratio for both pulses is
different, because the slice profiles change slightly. We
found by simulation that the new pulse has a transition
width at most equal to that of the sech/tanh pulse for up
to 98 and 2% in-slice and out-of-slice inversion effi-
ciency, respectively. At higher and smaller efficiency for
in-slice and out-of-slice inversion, respectively, the sech/
tanh generates a sharper profile when applied at the
appropriate threshold value of the peak RF amplitude.

In summary, at least for negligible spatial inhomo-
geneity of the RF amplitude the new pulse can achieve
selective population inversion at significantly reduced
RF field amplitude in comparison with the sech/tanh
pulse without increasing energy deposition in the
medium or scarifying sharpness of the profile.

4. Discussion

The difference in performance of the new pulse and the
sech/tanh pulse must correspond to differences in the
basic principles governing the respective pulse shape.
But, as is easy to verify, the sech/tanh modulation
functions obey offset-independent adiabaticity just like
the newly derived shape (see Eq. (2)). An additional
property, however, is needed in order to determine the
pulse shape uniquely. The elliptic path traversed by
the effective field vector during the sech/tanh pulse from
the north pole to the south pole of the Bloch sphere in
frequency frame may be chosen for this purpose. In case
of the new pulse, constancy of the adiabaticity parameter
with respect to the center isochromat is used to that end
(see Eq. (1)). The resulting trajectory of the effective field
vector (Eq. (6)) differs subtle from a perfect elliptic path,
as shown in Fig. 6. Thus, the new pulse may be viewed as
a modification of the sech/tanh pulse achieved by easing
the restriction to an elliptic pulse trajectory, while still
satisfying offset-independent adiabaticity. The latter
constraint clearly causes the high selectivity of both
pulses, for offset-independent adiabaticity ensures a
uniform (minimal) adiabaticity parameter over a speci-
fied range of transition frequencies for those points in
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Fig. 6. Deviation of the pulse trajectory of the new adiabatic pulse
from an elliptical path. The quantity (A(¢)/6)* + (@1 (1)/®1 max)* from
the modulation functions in Fig. 1 is shown in dependence of the pulse
duration for a total pulse length of 9 ms.

time when the frequency sweep hits a resonance [10,11].
The prominent insensitivity to peak RF amplitude vari-
ations is not explicitly accounted for in the pulse design.

An alternative approach to derive a novel pulse shape
from the sech/tanh pulse is to preserve the property of
an elliptic pulse trajectory, but to abandon compliance
with offset-independent adiabaticity, as was undertaken
recently [14] using the numerically optimized modula-
tion procedure (NOM) [15]. NOM optimizes the veloc-
ity of the effective field vector along the elliptic path by
avoiding dropping of the adiabaticity parameter below a
specified minimum value at any time during the pulse
under allowance for variations in transition frequency
and peak RF amplitude. Thus, in contrast to the prin-
ciple of offset-independent adiabaticity, insensitivity to
spatial RF inhomogeneity is actively designed. A further
advantage of the NOM procedure is the feasibility of a
trade-off between pulse performance parameters which
was used to determine a pulse, tuned to 8 kHz band-
width and 9ms length, operating at possibly low peak
RF amplitude. The optimized pulse has in comparison
to the new pulse presented herein indeed a 11% lower
peak RF amplitude, a 2% lower pulse energy, but per-
forms significantly less selective, because of a transition
region of twice the width [14].

In principle, the NOM procedure could be applied to
the original constant adiabaticity pulse, i.e., for opti-
mization of the velocity profile along the pulse trajectory
made out of an infinite frequency sweep at constant RF
amplitude. The drawbacks of the original constant adi-
abaticity pulse, high pulse energy and low selectivity,
however, originate from that specific pulse trajectory
and may experience only minor revision by NOM.

5. Conclusion

The principle of constant adiabaticity, enabling op-
timum adiabatic following of an individual isochromat,

can be beneficial for broadband applications. In com-
bination with the principle of offset-independent adi-
abaticity, enforcing a flat, localized power spectral
density, an efficient selective adiabatic inversion pulse is
obtained. Both principles concern desired global prop-
erties of the pulse to be obeyed at any instant
throughout the total adiabatic transfer and are conse-
quently expressed in differential form. In contrast, the
most common approach to pulse design is to detail the
desired pulse properties locally for any time point by
stating explicitly the functional form of either the am-
plitude or the frequency modulation, or of either the
trajectory of the effective field or the rate upon it
[5,6,10,11,14,15]. In a sense, the design of the new adi-
abatic pulse is more closely related to the discovery of
the well-known sech/tanh adiabatic pulse. The sech/tanh
shape was anticipated because it allows for an analytical
solution of the Schrodinger equation which in turn
suggested its application for selective population inver-
sion. In comparison with the sech/tanh pulse, the new
adiabatic pulse achieves selective inversion with signifi-
cantly reduced peak RF amplitude, and, thus, at largely
relaxed hardware demands. It is particularly useful when
spatial inhomogeneity of the RF amplitude across the
sample volume is of lesser concern.
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